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A. Notational Differences with Preceding Models

In presenting the equations and the underlying components of the model we used the same mathe-
matical notations as in [1,2]. To distinguish model variables from model parameters and mappings
of model variables, to avoid conflicts with some commonly used notations in mathematical analysis
of PDEs, and to allow for additional notational styles for possible future extensions and analyses of
the model, some notational changes have been made in [1,2], compared with the notations used in
the foundational models of Kirkpatrick & Barton [3] and Case & Taper [4]. To facilitate compar-
isons with the preceding models, in Table 2 of the main text we provide the list of model parameters
and variables, with the notations used in the present work (as well as in [1,2]) and those used in [4]
(as well as in [3] and other works in this family of models). Below, we also rewrite the key equations
of the model (presented in th main text) using the notation used by Case and Taper. Since trait
variance is free to evolve in our model, we still use our notation v;, i = 1, 2, to denote species’ trait
variance (instead of the notation V), used in Case and Taper’s constant-variance model).

The master equation (1) in the main text, representing the change in N;(z,t)p;(z,t,z) over a
small time interval of length 7 — 0 is given as

Ni(z,t + 7)pi(z, t + 7, 2)— Ni(z, t)pi(z, t, 2)

=7D; 82(N;(=, t)pi(z,t, 2)) (Ala)
+ Tw;(z,t, 2) N;(z, t)pi(, t, 2) (A1b)
+ 7N;(z, t)@éM)pi(m, t,2). (Alc)

The intrinsic growth rate (Eq. (2) of the main text) is written as
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where the competition kernel (Eq. (3) of the main text) is given as

I z—2)? .
aij(z’zl) = Vuz/Vuz] €xp (_%> ) (2W) € {192}a (A3)
usgj

with Vuij = %(Vui + Viij). The nonlinear function B; that incorporates Allee effect to the model
(Eq. (4) of th emain text) is as follows.

1 1
B(N;) :=B; (1 P (—NU;J) - 5) , (A4)

The equation for the evolution of the population density (Eq. (5) of the main text) is given by

atNi(x, t) = DzaiNz(.’E,t) + w(xau(w7t))Ni(mvt)a (A5)
the equations for the evolution of the trait mean (Eq. (6) of the main text) is given by

0:zi(z,t) = D,-(?%Ei(m, t) + 2 D;0;(log Ni(z,t))0:2i(z, t) + Hi(z, u(z, 1)), (A6)



and the equations for the evolution of the trait variance (Eq. (7) of the main text) is given by

Oi(z,t) = Diagvi(x, t) + 2 D;0;(log Ni(z,t)) Ozvi(z, t)

+2D;(8,7(z, 1)) + Wiz, u(z, 1)). (A7)
The nonlinear terms w;, H;, and W; used in (A5)—(A7) are defined as
(21' — 9(%))2 + v;
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Hi(z,u) = (Bz‘(Ni)Ti — w;(z, U))Ei — Bi(Ni) 7+ > Lij(u) Mij(u)Cij(u)N; + E;i(x, u), (A9)
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Wi(w,u) = (Bi(No)rs — @i, w)) (vi — 27) — Z (W) Mij (w)Cij(u) Nj + Yi(z,w),
(A10)
where, letting Vuij = %(Vm- + Vi), 4,5 € {1,2},
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Pyl = I gy 1) - 220, (A1)
Ei(z,u) = 1/ [26(a)v; +26(2)? — 6%(2)7 — 30z — 2], (A15)
Yi(z,u) = 1/ [26(2)0i: — 26(2)2F — 6%(@)(vi — 72) — 302 + 3] + T, (A16)

which correspond, respectively, to Egs. (11)—(16) in the main text.

B. Assumption of Normal Distribution of Phenotypes

The assumption that the distribution of phenotypes is normal is a relatively strong assumption,
made for the simplicity of model derivation in [1,3,4]. However, we do not expect the general
results of our work to be significantly affected by the violation of this assumption, as long as
the distribution of phenotypes remains to be approximately unimodal and symmetric (not heavily
skewed) with finite moments. Within the framework of our study, such conditions are reasonably
satisfied. In [4], the normality assumption is made following the assumptions that the trait is
determined by many loci, allelic effects are additive within and between loci, individuals mate
randomly, and selection is weak.

When the trait optimum changes linearly in space, gene flow is localized (e.g., diffusive), and the
majority of genetic variation in the population is maintained by gene flow (migration) rather than



by mutation, it is argued by Barton [5,6] that continuum allelic effects at each loci can be reasonably
assumed to be normal. If the allelic effects vary independently, then their sum (additive trait) will
also be normally distributed. Knowing that the Central Limit Theorem extends (under certain
conditions on the moments) to non-identically distributed random variables, the trait distribution
will still tend to be normal if allelic effects are weakly dependent. The analysis performed by [1],
as well as the single-species simulations we perform in the present work, confirm that the local
phenotypic/genetic variation is determined predominantly by gene flow provided the species’ range
evolves in sufficiently steep environmental gradients. This is a condition that holds in all of the
simulations we perform in this work. Further, the nonlinearities that we study are in fact piecewise
linear, with the nonlinear regions only occurring locally at the location of the knees. As we showed,
these locations will be occupied by peripheral (low-density) populations of the species and do not
contribute significantly to the gene flow across the core of the populations. Therefore, following
Barton’s arguments, the normality assumption on the distribution of phenotypes should be fairly
reasonable in our results, except possibly at the location of the knees. We also note that, the
normality of allelic effects at each locus is indeed a much stronger condition than the normality
of the overall distribution of phenotype values [6]. That is, the phenotypes can still be normally
distributed even when the conditions we described above (high gene flow) is not satisfied.

C. Numerical Methods

In all simulation results presented in this work, the numerical solutions of the model equations are
computed using the same numerical method as used in [1], with a slight modification regarding the
terms 0, logn; as described below. The method is based on an implicit scheme with two stabilizing
correction stages [7]. In each iteration of the scheme, instead of solving the nonlinear algebraic
equations involved in the computations, the linearized version of these equations are solved. The
iteration time steps are then made smaller to compensate for the linearization error. The first and
second space derivatives are approximated using fourth-order centered differences. See Appendix
B of the work by [1] for further details. In all simulations, we discretized the one-dimensional
space (habitat) with a uniform mesh of size Az = 0.1 X. For the majority of the simulations in
which we aimed to compute the equilibrium curves accurately, we used small time steps of length
At = 0.002 T. For simulations that required an exceedingly long evolutionary time horizon T, or
did not require computation of fully accurate solutions, we chose longer time steps of At = 0.005 T,
At =0.01T, or At =0.016T.

The presence of the terms 0;logn; in the equations of the model, (A6) and (A7), make the
numerical computations of the solutions particularly challenging. These terms are undefined when
the population densities n; are zero; see further details in [1, Section 4.1]. Even if we initialize the
populations such that at least an infinitesimal population density is initially present everywhere,
for example as n; = sech(|z|), there is still a chance of reaching numerical singularities if the density
of a species undergoes a long density decline (or extinction) regime, especially with our addition of
the Allee effect to the model. To avoid this singularity problem, in our numerical computations we
replace the terms 8, logn; with 8, log(n; + €), € > 0. A small value of ¢, as small as 1075, works
well in our simulations and does not result in any noticeable difference in the solutions of the model
compared with the original equations. With this minor modification, we could also initialize the



population densities using bump functions, which are exactly equal to zero outside the support of
the functions. We used the bump function

1
exp(1- 170, W<l
o(y) := 1—y?
0, ly] > 1,

which has the compact support [—1, 1] and takes the maximum value 1 at y = 0.

D. Range Expansion Dynamics and the Effects of Random Gene
Flow

In this section we analyze the effects of gene flow on adaptation and range expansion dynamics
of a solitary species. The equations of the model for a single species with symmetric intraspecific
competition between phenotypes can be written as

dm = Ddn + (B(n)R - B(IZ)R’ | ” XV” - g [(q -Q)2+ v]) n, (A17)

Og = Dagq + 2D (logn)0zq — S(g — Q)v, (A18)

2
O = D&?v + 2D, (log n)dyv + 2D|0,q|? + % / " Zvﬁ —Sv? + U. (A19)
Since there exists only one species in the model, the numeration index ¢ = 1 of the variables and
parameters in (A17)—(A19) is dropped for notational simplicity. Further, the dependence of n, g,
and v on z and ¢, as well as the dependence of Q on x, are not shown for the simplicity of exposition.

As the initially introduced population establishes itself in the habitat, it gradually adapts to
new environments under the force of natural selection (Fig Alb) and expands its range in the
form of traveling waves (Fig Ala). At the core of the population, the density of the population
grows to the environment’s maximum capacity and its trait mean converges to the environmental
trait optimum. The population’s density declines near the edge of its range, which creates an
asymmetry in gene flow from the populous core of the population to its edge. Due to the presence
of a gradient in trait optimum, the phenotypes that are adapted to central regions of the range
will be maladapted at peripheral regions. Therefore, the asymmetric gene flow decreases the mean
fitness of the population at its range margins. As a result, population density decreases further
near the range edge, which then results in a further increase in the asymmetry of gene flow. This
positive feedback loop between population density and gene flow slows down the range expansion
of the population. The steeper the environmental gradient, the stronger the maladaptive effects
of gene flow and the slower the range expansion speed; see the curves of range expansion speed
in [1, Fig. 4] and [2, Fig. 2| for a similar simulation.

To better illustrate the maladaptive effects of random dispersal, the direct effects of dispersal on
rate of change of trait mean 8;q is shown in Fig A1d, computed using the term D82q+2Dd, (log n)d.q
in (A18). The curves in Fig Ald are shown for the right-half of the species’s range, where its trait
mean initially lies above the trait optimum at ¢t = 0 T. Therefore, adaptation occurs when the trait
mean decreases to the trait optimum, that is when d:q takes negative values. Positive values of
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Fig Al: Range evolution of a solitary species and the effects of random gene flow,
selection, and competition on population adaptation. The parameters of the species are
set equal to the default values given in Table 1 of the main text. The trait optimum Q, shown
by the black line in (b), changes linearly with a moderately steep gradient (slope) of 9,Q =
—0.5 Q/X. Curves of the species’ population density, as its range evolves in time, are shown in
(a). The corresponding curves of species’ trait mean and trait variance are shown in (b) and (c),
respectively. The contributions of dispersal (gene flow) as well as the local contributions of selection
and competition to the rate of change of trait mean 9;q is shown in (d) and (e), respectively. The
curves are shown only for the right-half of the species range (15 X, 50 X). Curves in (d) are computed
using the term Dd2q + 2D9,(logn)d,q in (A18), and curves in (e) are computed using the term
—S(g—Q)v. The total contribution to 0;q, shown in (f), is computed as the sum of these two terms,
that is, the sun of the curves shown in (d) and (e). In all graphs, curves are shown at every 4 T for
a simulation time horizon of "= 200 T. The parts of the curves which lie outside the species’ range
(n < 0.02) are made transparent, as the values of trait mean and trait variance over these regions
are not biologically meaningful. The thick orange curves indicate the initial curves at ¢ = 0T,
and arrows show the direction of evolution in time. In each graph, a sample curve at ¢t = 20T is
highlighted in red.

0:q will then imply maladaptive effects. As we see in Fig Ald, the effects of random dispersal that
brings phenotypes from the core to the edge are maladaptive at range margins.

The gene flow along the gradient will, on the other hand, increase genetic variation in local
populations; the steeper the gradient the higher the level of genetic variation [2, Fig 2a]. In the
models that assume constant phenotypic variance, the swamping effects of asymmetric gene flow on
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Fig A2: Effects of random gene flow and selection on population adaptation in shallow
and steep environmental gradients. The same simulation as in Fig 1 of the main text is
performed here, but with a shallow gradient of 9,Q = —0.1 Q/X for the graphs shown in the
upper panel, and a steep gradient of 9,Q = —2.5 Q/X for the graphs shown in the lower panel.
The contributions of dispersal (gene flow) to the rate of change of trait mean J;q are shown in
(a) and (d), the local contributions of selection and competitions are shown in (b) and (e), and
total contribution are shown in (c) and (f). These contributions are computed in the same way as
described in Fig 1 of the main text. The curves are shown only for the right-half of the species
range (15 X,50 X). The curves in the upper panel (shallow gradient) are shown at every 2 T for a
simulation time horizon of T' = 200 T, with a sample curve being highlighted in red at ¢ = 10 T. The
curves in the lower panel (steep gradient) are shown at every 40 T for a simulation time horizon
of T'=800T, with a sample curve being highlighted in red at ¢ = 200 T. The same description as
given in Fig 1 of the main text holds for the curve colors and arrows.

adaptation at the range edge will become so strong at steep gradients that range expansion will halt
[3]. However, when we allow trait variance to evolve (Fig Alc), the inflation in phenotypic variation
caused by gene flow facilitates adaptation by natural selection. This is because increased trait
variation provides more opportunities for natural selection to operate, allowing for local adaptation
and range expansion even at exceedingly steep gradients. Figs A1d—Alf illustrate the overall
mechanism of adaptation at range margins. The term —S(¢ — Q)v in (A18), shown in Fig Ale,
represents the local adaptation by selection acting on the genetic variation created by gene flow,
mutation, and intraspecific competition. We note that in relatively steep gradients such as that
simulated in Fig Al, the effects of mutation and intraspecific competition on creating genetic
variation are rather insignificant compared with the dominant effects of gene flow. As Figs Ald-



A1f show, the local adaptation caused by selection is strong enough to overcome the maladaptive
effects of random dispersal, allowing for adaptive range expansion to new environments. Note that
negative values in Figs A1d—A1f imply adaptive effects, because the trait mean on the right-half of
the species’ range is initially above the trait optimum.

The inflating effects of random gene flow on trait variation and thereby increasing the popu-
lation’s adaptive potential creates ambiguities on our general reference to “maladaptive” effects of
gene flow, which we need to clarify. The results shown in Fig Al were obtained for a moderately
steep gradient of 9,Q = —0.5 Q/X. To clarify the effects of gene flow, we repeat the same simula-
tion but with a much shallower gradient of 9,Q = —0.1 Q/X as well as a much steeper gradient of
0;Q = —2.5 Q/X. The results are shown in Fig A2. Comparing Figs Ald, A2a, and A2d confirms
that the disruptive effects of core-to-edge gene flow, which deviate the trait mean from trait opti-
mum, increase as the level of gene flow increases with steepness of the environment. In contrast,
Figs Ale, A2b, and A2e confirm that the adaptive potential of the peripheral population increases
with the steepness of the environment. This is because trait variation increases as the population
disperses and adapts along steeper gradients, mainly due to the term 2D|0,q|? in (A19). The sum
of these two contrasting effects gives the total rate of change in trait mean 0;q, shown in Figs A1f,
A2c¢ and A2f, which changes in a more complicated way with increases in environmental gradient.

Noting that more negative values of J;q in the results presented here imply faster adaptation,
Figs A1f, A2c and A2f show that adaptation rate at range margins is higher when the environment
is moderately steep. This could imply that the overall effects of intermediate levels of gene flow
is adaptive at range margins, and hence could facilitate range expansion compared with low or
very high levels of gene flow. However, examining the range expansion speeds in Figs Al and A2,
as well as the speeds shown in [1, Fig. 4] and [2, Fig. 2a] contradicts this conjecture. Range
expansion speed decreases monotonically as the steepness of the environmental gradient and hence
the level of gene flow increases. This means that, even though the maladapted phenotypes that are
brought to the range periphery from the range core also create an adaptive potential to mitigate
their maladaptive effects, the migration load they impose on the population fitness (deviation of the
trait mean from the trait optimum [8]) is always too strong to be fully compensated by the effects
of increased adaptive potential. To further elaborate on this, we repeat the simulation associated
with Fig Al but with an initial population that is perfectly adapted to the trait optimum, ¢ = Q
at t = 0 T. The results are shown in Fig A3. If the overall effects of gene flow were adaptive,
this initial population would remain perfectly adapted for all time. Instead, we see that gene flow
quickly deviates the trait mean of the peripheral population from the optimum, and adaptation
and range expansion proceeds almost the same as in Fig Al.

It is worth pointing out that the overall adaptation at range expansion wavefronts, as in Figs
Alf, A2c and A2f, does not imply that the species will be able to expand its range in arbitrarily
steep gradients. Natural selection imposes a phenotypic load on the mean growth rate of the
population, given by the term —%v in (A17), which increases proportionally with the inflation in
trait variance as the environmental gradient becomes steeper. At exceedingly steep gradients, the
phenotypic load becomes so strong that brings the population to extinction. In the absence of
Allee effect, a maximum steepness of the gradient in trait optimum is given in [1] as |0;Q|max =

\/ (2R2/SD) — U/2D, beyond which the population cannot survive—unless possibly marginally at
the vicinity of the habitat boundary. This estimate of the critical (extinction) gradient steepness is
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Fig A3: Range evolution of a solitary species with perfect initial adaptation. The same
simulation as in Fig 1 of the main text is performed here, with the only difference being that the
population is initialized to be perfectly adapted to the environment, that is, ¢(z,0) = Q(z) for all
x € Q. The same descriptions as given in Figs la—1c of the main text hold for the quantities shown
in the graphs, curve colors, arrows, time increments between the curves, and the simulation time
horizon.

still approximately valid after our addition of the Allee effect to the model. Note that, the results
in [1, Fig. 4] and [2, Fig. 2a] show that the range expansion speed also vanishes to zero exactly
at this critical gradient, and remains nonzero at shallower gradients. This further implies that in
linearly changing environments, genetic swamping cannot establish range limits when trait variance
is free to evolve [1,5].

Finally, we note that, throughout the present work, by maladaptive (swamping) effects of gene
flow we mean the load that migration imposes on peripheral populations’ fitness by bringing phe-
notypes that are adapted to the abundant core but maladapted at the edge, hence deviating the
peripheral populations’ trait mean from the trait optimum. That is, the maladaptive effects shown
in Figs Ald, A2a and A2d.
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